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AN ASYMPTOTIC BOUND FOR CASTELNUOVO-MUMFORD
REGULARITY OF CERTAIN EXT MODULES OVER GRADED
COMPLETE INTERSECTION RINGS
DIPANKAR GHOSH AND TONY J. PUTHENPURAKAL
Abstract. Set A := Q/(z), where Q is a polynomial ring over a field, and
z = z1, . . . , zc is a homogeneous Q-regular sequence. Let M and N be finitely
generated graded A-modules, and I be a homogeneous ideal of A. We show
that
(1) reg
(
ExtiA(M, I
nN)
)
6 ρN (I) · n− f ·
⌊
i
2
⌋
+ b for all i, n > 0,
(2) reg
(
ExtiA(M,N/I
nN)
)
6 ρN (I) · n− f ·
⌊
i
2
⌋
+ b′ for all i, n > 0,
where b and b′ are some constants, f := min{deg(zj) : 1 6 j 6 c}, and ρN (I)
is an invariant defined in terms of reduction ideals of I with respect to N .
There are explicit examples which show that these inequalities are sharp.
1. Introduction
Castelnuovo-Mumford regularity is a kind of universal bound for important in-
variants such as the maximum degree of the minimal generators of syzygy modules
and the maximum non-vanishing degree of the local cohomology modules. One has
often tried to obtain upper bounds for the regularity in terms of simpler invariants.
In this article, we provide such bounds for Ext modules involving powers of ideals
over complete intersection rings.
LetQ = K[X1, . . . , Xd] be a polynomial ring over a fieldK with its usual grading,
i.e., each Xi has degree 1, and let m denote the maximal homogeneous ideal of
Q. Let N be a finitely generated non-zero graded Q-module. The Castelnuovo-
Mumford regularity of N , denoted by reg(N), is defined to be the least integer m
so that, for every j, the jth syzygy of N is generated in degrees 6 m+ j.
For a homogeneous ideal I, in Q, Kodiyalam [Kod00, Thm. 5] and Cutkosky,
Herzog and Trung [CHT99, Thm. 1.1] independently proved that reg(In) = an+ b
for all n≫ 0, where a and b are constants. The number a can be determined using
a reduction of I. Kodiyalam also proved that for N and Q as above, the regularity
of the nth symmetric power of N and related modules are bounded above by linear
functions of n with leading coefficient at most the maximal degree of a minimal
generator of N ; see [Kod00, Cor. 2].
For many ideals, in [G16a, Cor. 4.4], the first author showed that for ideals
I1, . . . , It, there exists positive integer a such that
reg(In11 · · · I
nt
t ) 6 (n1 + · · ·+ nt)a for all n1, . . . , nt > 0.
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A natural question is whether in the multigraded case, the regularity (for many
ideals) is asymptotically linear. See [BC17, 3.1] for an example where this fails.
Let a be a homogeneous ideal of Q. Set A := Q/a. If M is a finitely generated
graded A-module, then we can simply set regA(M) := regQ(M). There is also an
intrinsic definition for regularity of graded modules over A which coincides with
regQ(M) (see 2.5). So we simply denote it by reg(M).
If A is a singular ring, then there exists phenomena which does not arise in the
polynomial ring case. For instance, given finitely generated graded modules M and
N , it is unknown whether reg
(
TorAi (M,N)
)
and reg
(
ExtiA(M,N)
)
are bounded
above by linear functions of i. However, over polynomial ring Q = K[X1, . . . , Xd],
the following bounds are known:
(1) [EHU06, Cor. 3.1] If dim(TorQ1 (M,N)) 6 1, then
reg
(
TorQi (M,N)
)
6 i+ reg(M) + reg(N) for every 0 6 i 6 d.
(2) [CD08, Thm. 4.6] If dim(M ⊗Q N) 6 1, then
max
06i6d
{
reg
(
ExtiQ(M,N)
)
+ i
}
= reg(N)− indeg(M),
where indeg(M) := inf{n ∈ Z : Mn 6= 0}.
(3) [CHH11, Thm. 2.4(2) and 3.5] An upper bound of reg(ExtiQ(M,N)) + i is
given in terms of certain invariants of M and N .
On the other hand, if I is a homogeneous ideal of A, then it follows from the work
of Trung and Wang [TW05, Thm. 2.2] that for every fixed i, the numbers
reg
(
TorAi (M, I
nN)
)
, reg
(
TorAi (M,N/I
nN)
)
reg
(
ExtiA(M, I
nN)
)
and reg
(
ExtiA(M,N/I
nN)
)
are bounded above by linear functions of n. The purpose of the article is to show
over complete intersection rings, what happens when both i and n vary. We prove
that if A = Q/(z1, . . . , zc) is a graded complete intersection, and I is a homogeneous
ideal of A, then for every l ∈ {0, 1}, we have the following bounds:
(1) reg
(
Ext2i+lA (M, I
nN)
)
6 ρN (I) · n− f · i+ bl for all i, n > 0,
(2) reg
(
Ext2i+lA (M,N/I
nN)
)
6 ρN(I) · n− f · i+ b′l for all i, n > 0,
where bl and b
′
l are some constants, f := min{deg(zj) : 1 6 j 6 c}, and ρN (I)
is an invariant defined in terms of reduction ideals of I with respect to N ; see
Theorem 5.4. We also give explicit examples which show that these inequalities are
sharp.
We now describe in brief the contents of this article. In Section 2, we give no-
tations and preliminaries on Castelnuovo-Mumford regularity. The main technique
in this article is to analyze the cohomological operators (due to Eisenbud) in the
graded setup, and how these operators provide multigraded module structures on
Ext. These structures are described in Section 3. We deduce our main results from
a theorem over arbitrary trigraded setup which is proved in Section 4. Our main
results are shown in Section 5. Finally, in Section 6, we give a few examples.
2. Notations and preliminaries on regularity
2.1. Throughout this article, all rings are assumed to be commutative Noetherian
rings with identity. We denote the set of all non-negative integers by N, and the
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set of all integers by Z. Let t be a fixed positive integer. For each 1 6 u 6 t, eu
denotes the uth standard basis element of Zt. We set 0 := (0, . . . , 0) ∈ Zt. Let R
be a Zt-graded ring, and L be a Zt-graded R-module. By Ln, we always mean the
nth graded component of L. An Nt-graded ring R is said to be standard Nt-graded
if R is generated in total degree one, i.e., if R = R0[Re1 , . . . , Ret ].
2.2. Let A = A0[x1, . . . , xd] be a standard N-graded ring, i.e., deg(A0) = 0, and
deg(xi) = 1 for 1 6 i 6 d. Set A+ :=
⊕
n>1An. Let M be a finitely generated
Z-graded A-module. For every i > 0, suppose HiA+(M) denotes the ith local coho-
mology module ofM with respect to A+. We set ai(M) := max{µ : HiA+(M)µ 6= 0}
if HiA+(M) 6= 0, and ai(M) := −∞ otherwise. The Castelnuovo-Mumford regular-
ity of M is defined to be reg(M) := max {ai(M) + i : i > 0}. Note that M = 0 if
and only if reg(M) = −∞.
For a given short exact sequence, by considering the corresponding long exact
sequence of local cohomology modules, one obtains the following well-known result.
Lemma 2.3. Let A be as above. If 0 → M ′ → M → M ′′ → 0 is a short exact
sequence of finitely generated Z-graded A-modules, then we have the following:
(i) reg(M ′) 6 max{reg(M), reg(M ′′) + 1}.
(ii) reg(M) 6 max{reg(M ′), reg(M ′′)}.
(iii) reg(M ′′) 6 max{reg(M ′)− 1, reg(M)}.
(iv) If M ′ has finite length, then reg(M) = max{reg(M ′), reg(M ′′)}.
2.4. Let Q = K[X1, . . . , Xd] be a polynomial ring in d variables over a field K with
the usual grading, i.e., deg(Xi) = 1 for 1 6 i 6 d. Let M be a finitely generated
Z-gradedQ-module. In this setup, reg(M) can also be expressed in terms of degrees
of homogeneous generators for syzygies of M over Q. Let
(2.4.1) 0→ Fd′ → Fd′−1 → · · · → F1 → F0 → 0
be a finite graded free resolution of M over Q, where Fi =
⊕
j∈ZQ(−j)
βij for
0 6 i 6 d′. (Note that βij = 0 for all but finitely many j). It is well known that
(2.4.2) reg(M) 6 max{j − i : βij 6= 0, where 0 6 i 6 d
′ and j ∈ Z}
with equality if the resolution (2.4.1) is minimal; see, e.g., [BS13, 16.3.7].
2.5. Let A = K[x1, . . . , xd] be a standard N-graded ring over a field K. Set
A+ :=
⊕
n>1An. Let Q be as in 2.4. Then A
∼= Q/a for some homogeneous ideal a
of Q. Let M be a finitely generated Z-graded A-module (hence Q-module too). It
is well known that HiQ+(M)
∼= HiA+(M) for every i > 0; see, e.g., [BS13, 14.1.7(ii)].
Hence regQ(M) = regA(M), where regA(M) is the regularity ofM as an A-module.
So we simply denote this by reg(M).
3. Multigraded module structure on Ext
We work with the following setup.
Hypothesis 3.1. Let Q = K[X1, . . . , Xd] be a polynomial ring over a field K,
where deg(Xi) = 1 for 1 6 i 6 d. Set A := Q/(z), where z = z1, . . . , zc is a
homogeneous Q-regular sequence. Then A is a standard N-graded ring. We write
A = K[x1, . . . , xd], where xi is the residue of Xi, i.e., deg(xi) = 1 for 1 6 i 6 d.
Let J be an ideal of A generated by homogeneous elements y1, . . . , yb of degree
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d1, . . . , db respectively. Set fj := deg(zj) for 1 6 j 6 c. Without loss of generality,
we may assume that f1 6 · · · 6 fc and d1 > · · · > db. Let M and N be finitely
generated Z-graded A-modules.
3.2 (Eisenbud operators). We need Eisenbud operators ([Eis80, Section 1]) in the
graded setup. By a homogeneous homomorphism, we mean a graded homomorphism
of degree zero. Let F : · · · → Fn → · · · → F1 → F0 → 0 be a Z-graded free
resolution of M over A. In view of the construction of the Eisenbud operators,
one may choose homogeneous A-module homomorphisms t′j : Fi+2 → Fi(−fj) (for
every i) corresponding to zj ; see [Eis80, page 39, (b)]. Note that if Fi = A
bi , then
Fi(−f) ∼= A(−f)bi . We set
F
(j) : · · · −→ Fn(−fj) −→ · · · −→ F1(−fj) −→ F0(−fj) −→ 0
for 1 6 j 6 c. Thus the Eisenbud operators corresponding to z = z1, . . . , zc are
given by t′j : F(+2)→ F
(j) (1 6 j 6 c), where the complex F(+2) is same as F but
the degree is shifted by +2, i.e., F(+2)n = Fn+2 for all n. The homogeneous chain
maps t′j are determined uniquely up to homotopy; [Eis80, 1.4]. Therefore the maps
HomA(t
′
j , N) : HomA(F
(j), N) −→ HomA(F(+2), N)
induce well-defined homogeneous A-module homomorphisms
(3.2.1) tj : Ext
i
A(M,N) −→ Ext
i+2
A (M,N)(−fj) for all i > 0 and 1 6 j 6 c
It is shown in [Eis80, 1.5] that the chain maps t′j (1 6 j 6 c) commute up to
homotopy. Thus
Ext⋆A(M,N) :=
⊕
i>0
ExtiA(M,N)
turns into a graded T := A[t1, . . . , tc]-module, where T is the graded polynomial
ring over A in the cohomology operators tj with deg(tj) = 2 for 1 6 j 6 c. These
structures depend only on z, are natural in both module arguments and commute
with the connecting maps induced by short exact sequences.
3.3. In [Gul74, Thm. 3.1], Gulliksen proved that Ext⋆A(M,N) is finitely generated
over A[t1, . . . , tc].
3.4 (Bigraded module structure on Ext). Suppose R(J) denotes the Rees ring⊕
n>0 J
nXn associated to J . We may consider R(J) as a subring of the polyno-
mial ring A[X ]. Let N =
⊕
n>0Nn be a graded R(J)-module such that Nn is a
Z-graded A-module for every n ∈ N. Let y ∈ JsXs for some s > 0. Furthermore,
assume that y (as an element of Js ⊆ A) is homogeneous of degree dy. Then there
are homogeneous A-module homomorphisms Nn
y·
−→ Nn+s(dy) (n > 0) given by
multiplication with y. By applying HomA(F,−) on these maps, and using the nat-
urality of the Eisenbud operators t′j , we obtain the following commutative diagram
of cochain complexes:
HomA
(
F
(j), Nn
)
y

t′j
// HomA(F(+2), Nn)
y

HomA
(
F
(j), Nn+s(dy)
) t′j
// HomA
(
F(+2), Nn+s(dy)
)
.
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Taking cohomology, we get the following commutative diagrams of homogeneous
A-module homomorphisms:
(3.4.1) ExtiA(M,Nn)
y

tj
// Exti+2A (M,Nn)(−fj)
y

ExtiA(M,Nn+s)(dy)
tj
// Exti+2A (M,Nn+s)(dy − fj)
for all i, n > 0 and 1 6 j 6 c. Thus
(3.4.2) E (N ) :=
⊕
i>0
⊕
n>0
ExtiA(M,Nn)
turns into a bigraded module over SJ := R(J)[t1, . . . , tc], where we set deg(tj) =
(2, 0) for all 1 6 j 6 c, and deg(JsXs) = (0, s) for s > 0. In 3.9, we show that
E (N ) has a Z3-graded module structure.
3.5. Let I be a homogeneous ideal of A. Suppose J is an N -reduction of I, i.e.,
J ⊆ I and In+1N = JInN for some n > 0. Hence the Rees module R(I,N) =⊕
n>0 I
nN is a finitely generated graded module over R(J). Note that N [X ] =
N ⊗AA[X ] is a graded module over A[X ]. Since R(J) is a graded subring of A[X ],
we may consider N [X ] as a graded R(J)-module whose nth graded component is
isomorphic to N for every n > 0. Therefore, by setting N := N [X ], in view of 3.4,
we obtain that
(3.5.1) E (N ) =
⊕
i>0
⊕
n>0
ExtiA(M,N)
is a bigraded SJ -module. Moreover LI :=
⊕
n>0(N/I
n+1N) is a graded R(J)-
module, where the graded structure is induced by the exact sequence
(3.5.2) 0 −→ R(I,N) −→ N [X ] −→ LI(−1) −→ 0.
Thus, by the observations made in 3.4, we have that
(3.5.3) E (LI) =
⊕
i>0
⊕
n>0
ExtiA(M,N/I
n+1N)
is a bigraded module over SJ = R(J)[t1, . . . , tc].
Hypothesis 3.6. Along with Hypothesis 3.1, assume that N =
⊕
n>0Nn is a
finitely generated graded R(J)-module such that Nn is a Z-graded A-module for
every n ∈ N. (Note that each Nn is finitely generated as an A-module).
One of the main ingredients we use in this article is the following finiteness result.
Theorem 3.7. [Put13, Thm. 1.1] With Hypothesis 3.6,
E (N ) =
⊕
i>0
⊕
n>0
ExtiA(M,Nn)
is a finitely generated bigraded module over SJ = R(J)[t1, . . . , tc].
3.8 (Bigraded modules over standard bigraded ring). With Hypothesis 3.6, we set
W =
⊕
(i,n)∈N2 W(i,n) := E (N ), i.e., W(i,n) := Ext
i
A(M,Nn) for every (i, n) ∈
N
2. Note that R(J) is a standard N-graded A-algebra. Since J is generated
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by y1, . . . , yb, we may write R(J) = A[y1X, . . . , ybX ], where deg(A) = 0 and
deg(yiX) = 1 for 1 6 i 6 b. Hence
(3.8.1) SJ = R(J)[t1, . . . , tc] = A[y1X, . . . , ybX, t1, . . . , tc]
is an N2-graded ring, where we set deg(A) = (0, 0), deg(yiX) = (0, 1) for 1 6 i 6 b,
and deg(tj) = (2, 0) for 1 6 j 6 c. Note that W is a finitely generated N
2-graded
SJ -module (by Theorem 3.7), where each W(i,n) is a (finitely generated) Z-graded
A-module. In view of (3.8.1), we construct a new standard N2-graded ring
(3.8.2) S ′J := R(J)[Z1, . . . , Zc] = A[y1X, . . . , ybX,Z1, . . . , Zc],
where deg(A) = (0, 0), deg(yiX) = (0, 1) for 1 6 i 6 b, and deg(Zj) = (1, 0) for
1 6 j 6 c. Moreover, we set
(3.8.3) W even :=
⊕
(i,n)∈N2
W(2i,n) and W
odd :=
⊕
(i,n)∈N2
W(2i+1,n).
Note that W(2i,n) and W(2i+1,n) are the (i, n)th graded components of W
even and
W odd respectively. We define the action of S ′J on W
even and W odd as follows:
Elements of A[y1X, . . . , ybX ] act on W
even and W odd as before; while the action of
Zj (1 6 j 6 c) is defined by Zj ·m := tj ·m for all m ∈ W even (resp. W odd). Then,
for every 1 6 j 6 c, we have
Zj ·W(2i,n) ⊆W(2i+2,n), i.e., Zj ·W
even
(i,n) ⊆W
even
(i+1,n) for all (i, n) ∈ N
2;
Zj ·W(2i+1,n) ⊆W(2(i+1)+1,n), i.e., Zj ·W
odd
(i,n) ⊆W
odd
(i+1,n) for all (i, n) ∈ N
2.
ThusW even andW odd are N2-graded S ′J -modules. Moreover,W
even andW odd are
finitely generated, which is contained in the proof of [G16b, Thm. 3.3.9].
3.9 (Trigraded setup). We make S ′J a Z
3-graded ring as follows. Write
(3.9.1) S ′J := R(J)[Z1, . . . , Zc] = K[x1, . . . , xd, y1X, . . . , ybX,Z1, . . . , Zc],
and set deg(xi) = (0, 0, 1) for 1 6 i 6 d, deg(ykX) = (0, 1, dk) for 1 6 k 6 b, and
deg(Zj) = (1, 0,−fj) for 1 6 j 6 c. Suppose V = W
even. We give Z3-grading
structure on V by setting (i, n, a)th graded component of V as the ath graded
component of the Z-graded A-module V(i,n) for every (i, n, a) ∈ Z
3. (Note that
V(i,n,a) = 0 if i < 0 or n < 0). Thus, in view of (3.4.1) and 3.8, V =W
even is a Z3-
graded S ′J -module. Moreover, W
even is finitely generated (since we are changing
only the grading). In a similar way, one obtains that W odd is a finitely generated
Z
3-graded S ′J -module. In view of (3.9.1), we now set a polynomial ring
(3.9.2) SJ := K[X1, X2, . . . , Xd, Y1, Y2, . . . , Yb, Z1, Z2, . . . , Zc]
over the field K, where deg(Xi) = (0, 0, 1) for 1 6 i 6 d, deg(Yk) = (0, 1, dk) for
1 6 k 6 b, and deg(Zj) = (1, 0,−fj) for 1 6 j 6 c. We define the action of SJ on
W even and W odd as follows: Elements of K[Z1, . . . , Zc] act on W
even and W odd as
before; while the actions of Xi and Yj (for 1 6 i 6 d and 1 6 j 6 b) are defined
by Xi ·m := xi ·m and Yj ·m := (yjX) ·m (respectively) for all m ∈W even (resp.
W odd). Thus W even and W odd are finitely generated Z3-graded SJ -modules.
We conclude this section by obtaining the following:
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3.10. With Hypothesis 3.6, in view of 3.8 and 3.9, we have that
E (N )even =
⊕
(i,n)∈Z2
Ext2iA (M,Nn) and E (N )
odd =
⊕
(i,n)∈Z2
Ext2i+1A (M,Nn)
are finitely generated Z3-graded SJ -modules, where
E (N )even(i,n,a) = Ext
2i
A (M,Nn)a and E (N )
odd
(i,n,a) = Ext
2i+1
A (M,Nn)a
for every (i, n, a) ∈ Z3, and SJ is a Z3-graded polynomial ring as in (3.9.2). In view
of 2.5, we should note that
regA
(
ExtiA(M,Nn)
)
= regQ
(
ExtiA(M,Nn)
)
for all i, n ∈ N.
We obtain our main results by proving a theorem in arbitrary trigraded setup;
see Theorem 4.3 in the next section.
4. Linear bounds of regularity in multigraded modules
4.1. We use notations from 2.1. Let
(4.1.1) S := K[X1, . . . , Xd, Y1, . . . , Yb, Z1, . . . , Zc]
be a polynomial ring over a field K, where we set deg(K) = (0, 0, 0),
deg(Xi) := (0, 0, 1) for 1 6 i 6 d;(4.1.2)
deg(Yj) := (0, 1, hj) for 1 6 j 6 b and
deg(Zk) := (1, 0, gk) for 1 6 k 6 c
for some hj , gk ∈ Z. Note that hj and gk are allowed to be negative integers.
Without loss of generality, we may assume that
h1 > h2 > · · · > hb and g1 > g2 > · · · > gc.
Clearly, S is a Noetherian Z3-graded ring of dimension d′ := d+ b+ c. Let
L =
⊕
(i,n,a)∈Z3
L(i,n,a)
be a finitely generated Z3-graded S-module. For every (i, n) ∈ Z2, we set
(4.1.3) S(i,n,⋆) :=
⊕
a∈Z
S(i,n,a) and L(i,n,⋆) :=
⊕
a∈Z
L(i,n,a).
It can be observed that S(0,0,⋆) = K[X1, . . . , Xd] which is a standard N-graded
polynomial ring over K, where deg(Xi) = 1 for 1 6 i 6 d. Set Q := S(0,0,⋆). Note
that S =
⊕
(i,n)∈N2 S(i,n,⋆), and
(4.1.4) L =
⊕
(i,n)∈Z2
L(i,n,⋆) is a Z
2-graded module over S =
⊕
(i,n)∈N2
S(i,n,⋆),
where L(i,n,⋆) is the (i, n)th graded component of L. Since we are changing only
the grading, S =
⊕
(i,n)∈N2 S(i,n,⋆) is Noetherian and L is finitely generated as
a Z2-graded S-module. Note that S is standard as an N2-graded ring, i.e., S =
S(0,0,⋆)[S(1,0,⋆), S(0,1,⋆)]. Thus, for every (i, n) ∈ Z
2, L(i,n,⋆) is a finitely generated
Z-graded module over Q = S(0,0,⋆). It can be observed that (for every (i, n) ∈ Z
2)
the assignment L 7→ L(i,n,⋆) is an exact functor from the category of Z
3-graded
S-modules to the category of Z-graded Q-modules.
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4.2. With the hypotheses as in 4.1, by virtue of a multigraded version of Hilbert’s
Syzygy Theorem, there is a Z3-graded free resolution
0 −→ Fd′
ϕd′−→ Fd′−1 −→ · · · −→ F1
ϕ1
−→ F0 −→ 0 of L over S, where(4.2.1)
Fl =
⊕
p
S(−bpl1,−bpl2,−apl) for every 0 6 l 6 d
′.(4.2.2)
Note that p varies over a finite direct sum in Fl. It should be noted that there is
no notion of minimal free resolution over arbitrary Z3-graded ring. We set
cl := max
p
{apl − g1bpl1 − h1bpl2} for 0 6 l 6 d
′, and(4.2.3)
e := max{cl − l : 0 6 l 6 d
′}.(4.2.4)
The following result is a multigraded version of [Kod00, Thm. 1].
Theorem 4.3. With the hypotheses as in 4.1 and 4.2, we have
regQ
(
L(i,n,⋆)
)
6 g1 · i+ h1 · n+ e for every (i, n) ∈ Z
2.
Proof. Fix an arbitrary (i, n) ∈ Z2. In view of (4.2.1), the (i, n, ⋆)th components
yield an exact sequence of Z-graded Q-modules:
(4.3.1) 0 −→ (Fd′)(i,n,⋆) −→ · · · −→ (F1)(i,n,⋆) −→ (F0)(i,n,⋆) −→ L(i,n,⋆) −→ 0.
Note that if L(i,n,⋆) = 0, then there is nothing to prove. So we assume that
L(i,n,⋆) 6= 0. Hence (F0)(i,n,⋆) 6= 0. For every 0 6 l 6 d
′, we claim that (Fl)(i,n,⋆)
is a (finitely generated) Z-graded free module over Q = K[X1, . . . , Xd]. (Possibly,
(Fl)(i,n,⋆) = 0). For every a ∈ Z, it can be observed that
S(−bpl1,−bpl2,−apl)(i,n,a) = S(i−bpl1,n−bpl2,a−apl)(4.3.2)
∼=
∑
uj, vk ∈ N (1 6 j 6 b, 1 6 k 6 c);
u1 + u2 + · · ·+ ub = n− bpl2;
v1 + v2 + · · ·+ vc = i− bpl1

 b∏
j=1
Y
uj
j
c∏
k=1
Zvkk

Q(a−apl−∑ujhj−∑ vkgk)
∼=
⊕
uj, vk ∈ N (1 6 j 6 b, 1 6 k 6 c);
u1 + u2 + · · ·+ ub = n− bpl2;
v1 + v2 + · · ·+ vc = i− bpl1
Q

−apl −
b∑
j=1
ujhj −
c∑
k=1
vkgk


a
.
Note that S(−bpl1,−bpl2,−apl)(i,n,⋆) = 0 if i < bpl1 or n < bpl2. In view of (4.2.2)
and (4.3.2), for every 0 6 l 6 d′, we have
(Fl)(i,n,⋆) =
⊕
p
S(−bpl1,−bpl2,−apl)(i,n,⋆)(4.3.3)
∼=
⊕
p
⊕
uj , vk ∈ N (1 6 j 6 b, 1 6 k 6 c);
u1 + u2 + · · ·+ ub = n− bpl2;
v1 + v2 + · · ·+ vc = i− bpl1
Q

−apl −
b∑
j=1
ujhj −
c∑
k=1
vkgk

 .
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Thus (4.3.1) provides us a Z-graded Q-free resolution of L(i,n,⋆). This resolution
is not necessarily minimal. Since h1 > · · · > hb and g1 > · · · > gc, it can be
observed from (4.3.3) that if (Fl)(i,n,⋆) 6= 0, then the maximal twist in (Fl)(i,n,⋆)
(as a Z-graded Q-free module) is
max {apl + (n− bpl2)h1 + (i− bpl1)g1 | for all p such that n > bpl2 and i > bpl1}
6 ig1 + nh1 + cl for 0 6 l 6 d
′ [by (4.2.3)].
Hence, in view of (2.4.2) and (4.2.4), we obtain that
regQ
(
L(i,n,⋆)
)
6 g1 · i + h1 · n+ e for every (i, n) ∈ Z
2.
This completes the proof. 
Remark 4.4. In a more general setup, in [G16a, Thm. 4.3], it is shown that
reg
(
L(n,⋆)
)
6 (n1 + · · ·+ nt)a+ b for every n ∈ N
t,
where a and b are some constants. But the method of proof makes it difficult to
identify such constants a and b explicitly.
Remark 4.5. Similar proof as in Theorem 4.3 works for arbitrary multigraded setup.
In analogous multigraded setup, we obtain that
regQ
(
L(n,⋆)
)
6 n1d1 + · · ·+ ntdt + e for every n ∈ Z
t,
where the coefficients d1, . . . , dt can be determined explicitly in terms of degrees of
the indeterminates of S, and the constant term e can be obtained from a multi-
graded free resolution of L over S (as in 4.2).
As a consequence of Theorem 4.3, we obtain the following:
Corollary 4.6. With Hypothesis 3.6, there are constants e0 and e1 such that
(i) reg
(
Ext2iA (M,Nn)
)
6 d1 · n− f1 · i+ e0 for all i, n > 0.
(ii) reg
(
Ext2i+1A (M,Nn)
)
6 d1 · n− f1 · i+ e1 for all i, n > 0.
Proof. In view of 3.10, E (N )even and E (N )odd are finitely generated Z3-graded
SJ -modules, where
SJ := K[X1, X2, . . . , Xd, Y1, Y2, . . . , Yb, Z1, Z2, . . . , Zc]
with deg(Xi) = (0, 0, 1) for 1 6 i 6 d, deg(Yk) = (0, 1, dk) for 1 6 k 6 b, and
deg(Zj) = (1, 0,−fj) for 1 6 j 6 c. Note that d1 > · · · > db and −f1 > · · · > −fc.
Moreover, for every (i, n) ∈ N2, we have
E (N )even(i,n,⋆) = Ext
2i
A (M,Nn) and E (N )
odd
(i,n,⋆) = Ext
2i+1
A (M,Nn).
Therefore the result follows by applying Theorem 4.3 to E (N )even and E (N )odd. 
5. Linear bounds of regularity for certain Exts
We are now in a position to obtain our main results. We prove these results with
the following setup.
Hypothesis 5.1. Let Q = K[X1, . . . , Xd] be a polynomial ring over a field K,
where deg(Xi) = 1 for 1 6 i 6 d. Set A := Q/(z), where z = z1, . . . , zc is a
homogeneous Q-regular sequence. Let I be a homogeneous ideal of A. Let M and
N be finitely generated Z-graded A-modules. Set f := min{deg(zj) : 1 6 j 6 c}.
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5.2. Recall that an ideal J of A is said to be an N -reduction of I if J ⊆ I and
In+1N = JInN for some n > 0. The invariant ρN (I) is defined by
(5.2.1) ρN (I) := min{d(J) : J is a homogeneous N -reduction ideal of I},
where d(J) denotes the minimum number n such that J is generated by homoge-
neous elements of degree 6 n.
5.3. A sequence of ideals {In}n>0 is called an I-filtration if IIn ⊆ In+1 for all
n > 0. In addition, if IIn = In+1 for all sufficiently large n, then {In}n>0 is said
to be a stable I-filtration.
Here are our main results.
Theorem 5.4. Along with Hypothesis 5.1, further assume that {In}n>0 is a stable
I-filtration. Then, for every l ∈ {0, 1}, there exist constants el1 and el2 such that
the following inequalities hold true.
(i) reg
(
Ext2i+lA (M, InN)
)
6 ρN (I) · n− f · i+ el1 for all i, n > 0.
(ii) reg
(
Ext2i+lA (M,N/InN)
)
6 ρN (I) · n− f · i+ el2 for all i, n > 0.
The particular case when In = I
n proves the statements given in the introduction.
Proof. (i) Let J be a homogeneous N -reduction ideal of I such that ρN (I) = d(J).
Then J ⊆ I and In+1N = JInN for all n > n0 for some n0 ∈ N. Hence
(5.4.1) InN = Jn−n0In0N for all n > n0.
Suppose J is minimally generated by homogeneous elements of degree d1, . . . , db
such that d1 > · · · > db. Note that ρN (I) = d(J) = d1. Since {In}n>0 is a stable I-
filtration, Jm (InN) ⊆ I
mInN ⊆ Im+nN for all m,n ∈ N. Hence N :=
⊕
n>0 InN
is a graded R(J)-module. Moreover, there is n1 such that In = I
n−n1In1 for all
n > n1. So, by (5.4.1), we have
InN = I
n−n1In1N = J
n−n0−n1 (In0In1N)
for all n > n0+n1, which yields that N =
⊕
n>0 InN is a finitely generated graded
R(J)-module. Hence the inequality follows from Corollary 4.6.
(ii) We show that there is some constant e02 such that
(5.4.2) reg
(
Ext2iA (M,N/InN)
)
6 ρN (I) · n− f · i+ e02 for all i, n > 0.
In a similar way, one can prove that there is some constant e12 such that
reg
(
Ext2i+1A (M,N/InN)
)
6 ρN(I) · n− f · i+ e12 for all i, n > 0.
To show (5.4.2), we consider the exact sequences 0 → InN → N → N/InN → 0
for n ∈ N. These yield exact sequences of graded A-modules:
(5.4.3) ExtiA(M, InN)→ Ext
i
A(M,N)→ Ext
i
A(M,N/InN)→ Ext
i+1
A (M, InN).
In view of 3.5, taking direct sum over i, n in (5.4.3), and using the naturality
of the Eisenbud operators tj, we obtain an exact sequence of bigraded SJ =
R(J)[t1, . . . , tc]-modules:
W −→ U −→ V −→W (1, 0), where W :=
⊕
i,n>0
ExtiA(M, InN),(5.4.4)
U :=
⊕
i,n>0
ExtiA(M,N) and V :=
⊕
i,n>0
ExtiA
(
M,
N
InN
)
.
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Note that W (1, 0) is same as W but the grading is twisted by (1, 0). Setting
C := Image(W → U), D := Image(U → V ) and E := Image(V →W (1, 0)),
we have the following short exact sequences of bigraded SJ -modules:
(5.4.5) 0 −→ C −→ U −→ D −→ 0 and 0 −→ D −→ V −→ E −→ 0.
Since W is a finitely generated SJ -module, C and E are also finitely generated
SJ -modules. Moreover, in view of 3.8 and 3.9,
Ceven =
⊕
(i,n)∈N2
C(2i,n) and E
even =
⊕
(i,n)∈N2
E(2i,n)
are finitely generated Z3-graded SJ -modules, where
Ceven(i,n,⋆) = C(2i,n) and E
even
(i,n,⋆) = E(2i,n) for (i, n) ∈ N
2.
Hence, by virtue of Theorem 4.3, there exist some constants eC and eE such that
reg
(
C(2i,n)
)
6 ρN (I) · n− f · i+ eC for all i, n > 0,(5.4.6)
reg
(
E(2i,n)
)
6 ρN (I) · n− f · i+ eE for all i, n > 0.(5.4.7)
The sequences (5.4.5) yield exact sequences of finitely generated graded A-modules:
0 −→ C(2i,n) −→ U(2i,n) −→ D(2i,n) −→ 0 and(5.4.8)
0 −→ D(2i,n) −→ V(2i,n) −→ E(2i,n) −→ 0 for (i, n) ∈ N
2.(5.4.9)
Considering the improper ideal A in (i), since ρN (A) = 0, there is some constant
eA such that reg
(
Ext2iA (M,N)
)
6 −f · i+ eA, i.e.,
(5.4.10) reg
(
U(2i,n)
)
6 −f · i+ eA for all i, n > 0.
In view of (5.4.8), by virtue of Lemma 2.3(iii), we get that
reg
(
D(2i,n)
)
6 max
{
reg
(
C(2i,n)
)
− 1, reg
(
U(2i,n)
)}
(5.4.11)
6 ρN (I) · n− f · i+ eD [by (5.4.6) and (5.4.10)]
for all i, n > 0, where eD := max{eC − 1, eA}. Hence
reg
(
Ext2iA (M,N/InN)
)
= reg
(
V(2i,n)
)
6 max
{
reg
(
D(2i,n)
)
, reg
(
E(2i,n)
)}
[by (5.4.9) and Lemma 2.3(ii)]
6 ρN(I) · n− f · i+ e02 [by (5.4.7) and (5.4.11)]
for all i, n > 0, where e02 := max{eD, eE}. This completes the proof of (ii). 
6. Examples
The following examples show that the bounds in Theorem 5.4 are sharp. More
precisely, the leading coefficients of the functions
reg
(
Ext2i+lA (M, I
nN)
)
and reg
(
Ext2i+lA (M,N/I
nN)
)
for l ∈ {0, 1}
can be exactly ρN (I) and −f .
Example 6.1. Let A = K[X ]/(X2), where K is a field and deg(X) = 1. Suppose
x is the residue of X in A. Set M = N := A/(x), and I := A. Then
reg
(
Ext2iA (M, I
nN)
)
= −2i and reg
(
Ext2i+1A (M, I
nN)
)
= −2i− 1
for all i, n > 0. In this case, note that ρN (I) = 0 and f = deg(X
2) = 2.
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Proof. Consider the minimal graded free resolution
FM : · · · −→ A(−3)
x
−→ A(−2)
x
−→ A(−1)
x
−→ A −→ 0
of M over A. Since HomA(A(−i), N) ∼= N(i) for every i > 0, the complex
HomA(FM , N) is isomorphic to
0 −→ N
x
−→ N(1)
x
−→ N(2)
x
−→ N(3) −→ · · · .
Since x annihilates N , the map N(i)
x
−→ N(i + 1) is a zero map for every i > 0.
Hence ExtiA(M,N) = N(i) for every i > 0. Therefore it follows from the fact
N(i)µ =
{
0 if µ 6= −i
N0 = K 6= 0 if µ = −i
that reg
(
ExtiA(M,N)
)
= −i for every i > 0. 
Example 6.2. Let A = K[X,Y ]/(X2, Y 3), where K is a field and deg(X) =
deg(Y ) = 1. Suppose x, y are the residues of X,Y in A respectively. Set M = N :=
A/(y), and I := A. Then
reg
(
Ext2iA (M, I
nN)
)
= −3i+ 1 and reg
(
Ext2i+1A (M, I
nN)
)
= −3i
for all i, n > 0. Note that ρN (I) = 0 and f = min{deg(X2), deg(Y 3)} = 2.
Proof. Consider the minimal graded free resolution FM :
· · · −→ A(−7)
y
−→ A(−6)
y2
−→ A(−4)
y
−→ A(−3)
y2
−→ A(−1)
y
−→ A −→ 0
of M over A. The complex HomA(FM , N) is isomorphic to
0 −→ N
y
−→ N(1)
y2
−→ N(3)
y
−→ N(4)
y2
−→ N(6)
y
−→ N(7) −→ · · · .
Since y annihilates N , all the maps in HomA(FM , N) are zero maps. Hence
Ext2iA (M,N) = N(3i) and Ext
2i+1
A (M,N) = N(3i+ 1) for every i > 0. Since
N(m) ∼= (K ⊕Kx)(m) ∼= (K ⊕K(−1))(m) ∼= K(m)⊕K(m− 1),
reg(N(m)) = −m+ 1. Hence the assertion follows. 
Remark 6.3. With A, M and N as in Example 6.2, one can easily compute that
TorA2i(M,N) = N(−3i) and Tor
A
2i+1(M,N) = N(−3i− 1) for all i > 0. Hence
reg
(
TorA2i(M,N)
)
= 3i+ 1 and reg
(
TorA2i+1(M,N)
)
= 3i+ 2 for all i > 0.
By setting U = V := A/(x), it can be easily obtained that TorAi (U, V ) = V (−i) for
every i > 0. Since
V (−i) ∼= (K ⊕Ky ⊕Ky2)(−i) ∼= K(−i)⊕K(−i− 1)⊕K(−i− 2),
we have reg(TorAi (U, V )) = reg(V (−i)) = i+ 2 for every i > 0. Therefore
reg
(
TorA2i(U, V )
)
= 2i+ 2 and reg
(
TorA2i+1(U, V )
)
= 2i+ 3 for all i > 0.
Example 6.4. Assume A = K[X,Y ]/(XY ), where K is a field, and deg(X) =
deg(Y ) = 1. Suppose x, y are the residues of X,Y in A respectively. Set M :=
A/(x), N := (x) and I := (x). Then
(i) reg
(
Ext2iA (M, I
nN)
)
= −∞ and reg
(
Ext2i+1A (M, I
nN)
)
= n− 2i for i, n > 0.
(ii) reg
(
Ext2iA (M,N/I
nN)
)
= n− 2i and reg
(
Ext2i+1A (M,N/I
nN)
)
= −2i for all
i > 0 and n > 1.
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In this case, note that ρN (I) = 1 and f = deg(XY ) = 2.
Proof. Consider the minimal graded free resolution
FM : · · ·
y
−→ A(−3)
x
−→ A(−2)
y
−→ A(−1)
x
−→ A −→ 0
of M over A. For a graded A-module L, the complex HomA(FM , L) is isomorphic
to
0 −→ L
x
−→ L(1)
y
−→ L(2)
x
−→ L(3)
y
−→ · · · .
(i) Suppose L = InN . Then L = (xn+1). Moreover,
Ker
(
L(2i)
x
−→ L(2i+ 1)
)
= 0, Image
(
L(2i)
x
−→ L(2i+ 1)
)
= (xL)(2i+ 1)
and Ker
(
L(2i+ 1)
y
−→ L(2i+ 2)
)
= L(2i+ 1) for every i > 0.
Therefore Ext2iA (M, I
nN) = 0 and
Ext2i+1A (M, I
nN) =
L(2i+ 1)
(xL)(2i + 1)
∼=
(
L
xL
)
(2i+ 1) ∼=
(
Kxn+1
)
(2i+ 1)
∼= K(−n− 1)(2i+ 1) = K(−n+ 2i)
for all i, n > 0. Hence the assertion (i) follows.
(ii) LetW = N/InN . ThenW = (x)/(xn+1) ∼= Kx⊕Kx2⊕· · ·⊕Kxn. Moreover,
Ker
(
W (2i)
x
−→W (2i+ 1)
)
= (Kxn)(2i) ∼= K(−n+ 2i),
Image
(
W (2i)
x
−→W (2i+ 1)
)
= (xW )(2i + 1) ∼= (Kx2 ⊕ · · · ⊕Kxn)(2i+ 1)
and Ker
(
W (2i+ 1)
y
−→W (2i+ 2)
)
=W (2i+ 1) for every i > 0.
Therefore Ext2iA (M,N/I
nN) ∼= K(−n+ 2i) and
Ext2i+1A (M,N/I
nN) =
W (2i+ 1)
(xW )(2i + 1)
∼= (Kx)(2i+ 1) ∼= K(2i)
for all i > 0 and n > 1. Hence the assertion (ii) follows. 
Remark 6.5. With A, M and N as in Example 6.4, we have
reg
(
TorA2i(M,N)
)
= 2i+ 1 and reg
(
TorA2i+1(M,N)
)
= 0 for all i > 0.
Proof. Considering the minimal graded free resolution FM of M over A, we have
FM ⊗A N : · · ·
y
−→ N(−3)
x
−→ N(−2)
y
−→ N(−1)
x
−→ N −→ 0.
Therefore, for every i > 0,
TorA2i(M,N) =
Ker(N(−2i)
y
−→ N(−2i+ 1))
Image(N(−2i− 1)
x
−→ N(−2i))
=
N(−2i)
(xN)(−2i)
∼= (Kx)(−2i) ∼= K(−2i− 1)
and TorA2i+1(M,N) = Ker
(
N(−2i− 1)
x
−→ N(−2i)
)
= 0.
Hence the assertion follows. 
We conclude our paper by stating the following natural question.
Question 6.6. For ℓ ∈ {0, 1}, do there exist aℓ, a′ℓ ∈ Z>0 and eℓ, e
′
ℓ ∈ Z ∪ {−∞}
such that
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(i) reg
(
Ext2i+ℓA (M,N)
)
= −aℓ · i+ eℓ for all i≫ 0 ?
(ii) reg
(
TorA2i+ℓ(M,N)
)
= a′ℓ · i+ e
′
ℓ for all i≫ 0 ?
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